Abstract. Proofs that an arbitrary field has a separable closure are necessarily non-constructive, and separable closures are unique only up to non-canonical isomorphism. This means that the absolute Galois group of a field is defined only up to inner automorphism. Here we construct a profinite algebraic group which is an inner form of the absolute Galois group. Our construction uses no form of the axiom of choice, and the group is defined up to canonical isomorphism. We also show that the Frobenius associated with a prime of a number field unramified in an extension, which is classically defined only up to conjugation, has a uniquelydefined analogue in terms of our group. We give a construction of the category of Artin motives with coefficients in an arbitrary field, and we give an interpretation of our absolute Galois group in terms of this category.
Introduction
Let L/K be a finite Galois field extension. Suppose G is a finite group equipped with an action of Gal(L/K) by group automorphisms, and write G L for G viewed as a constant group scheme over L. Then Gal(L/K) acts semilinearly on G L , and the quotient G L /Gal(L/K) is a finite algebraic group over K whose base change to L is G L ( [6] , §III.1.3).
Definition 1.1. The algebraic Galois group of L/K is the finite algebraic group over K given by
where the action of Gal(L/K) on itself is by conjugation.
The group of L-rational points Gal a (L/K)(L) is identified with Gal(L/K). An explicit description of the coordinate ring of Gal a (L/K) is given by Proposition 2.1 below.
A morphism ϕ : L 1 → L 2 of finite Galois extensions of K induces a restriction map ϕ * : Gal a (L 2 /K) → Gal a (L 1 /K). We use these restriction maps to define the algebraic absolute Galois group as a categorical limit. Definition 1.2. The algebraic absolute Galois group of K is the profinite algebraic group over K defined by
Gal a (L/K), where the limit is taken over the essentially small category of finite Galois extensions of K. Definition 1.2 does not invoke any form of the Axiom of Choice. By contrast, the usal constructions of separable closure do use Choice. While Banaschewski [1] has constructed a separable closure using only the Boolean Ultrafilter Theorem (which is strictly weaker than Choice), Pincus [5] has shown that it is consistent with ZF that there is a field with no separable closure.
replaced by Gal(L/K) on the right hand side of (1), we do not recover the usual absolute Galois group but rather its center, which for many fields of interest is trivial.
1.1.
Results. The following result shows that Gal a (K) is an algebraic version of the ordinary absolute Galois group.
The isomorphism (2) is functorial in K s , in the sense that ifK s is another separable closure and ϕ : K s →K s is a morphism, then the following diagram commutes:
The main tool in the proof of Theorem 1 is the following result, which is interesting in its own right.
For example, while the Galois group of a separable polynomial is defined only up inner automorphism, the algebraic Galois group of a polynomial is defined up to canonical isomorphism. Now let L/K be a Galois extension of number fields. Let p be a prime of K unramified in L, and q a prime of L over K. The Frobenius automorphism is an element φ q ∈ Gal(L/K). If q ′ is another prime of L over p, then φ q ′ is conjugate to φ q . So if we wish to talk about a Frobenius associated with p, we must consider a conjugacy class in Gal(L/K). The algebraic analogue of the Frobenius is better behaved.
Theorem 3. Let L/K be a Galois extension of number fields, p a finite or infinite place of K unramified in L, and write K p for the completion of K at p. Then there is a unique element
with the property that for every place q of L over p, the image of φ 
To construct the functor ω K s one must choose a separable closure of K. There is another fibre functor on M 0 K,K whose construction does not require choice, the de Rham realization ω dR , which satisfies
We prove the following result.
with the category of finite-dimensional algebraic representations of Gal a (K).
Coordinate ring
We begin with a description of the coordinate ring of Gal a (L/K).
Proof. More generally, if X is an affine variety acted on by a finite group G, the coordinate ring of X/G is the set of G-invariant elements in the coordinate ring of X. In our case, the coordinate ring of
Now we prove Theorem 2. We recall the statement here.
Thus we have ϕ * = ψ * .
Algebraic absolute Galois group
The (ordinary) absolute Galois group is a projective limit of finite Galois groups. However, the projective limit must be taken over finite subextensions of some fixed separable closure:
If the condition L ⊂ K s is dropped and we instead take a categorical limit over all finite Galois extensions L/K, we obtain instead the center of Gal(K s /K), which in many cases is trivial e.g. if K is a number field ( [7] , Corollary 12.1.6).
Now we prove Theorem 1. We recall the statement here.
Proof. Let K s be a separable closure of K. For each finite Galois extension L/K, letL be the image of L under one (equivalently, every) embedding L ֒→ K s . Then Theorem 2 implies Gal a (L/K) and Gal a (L/K) are isomorphic, and this isomorphism is functorial in L. Now
We can describe this identification on the level of coordinate rings. Given σ ∈ Gal(K s /K), we get an algebra homomorphism
is any embedding (one checks that the result is independent of ψ). Now, letK s be another separable closure of K and ϕ :
We get two elements of Gal a (K)(K s ), and two show that (3) commutes we need to show these two elements are equal. In (3), mapping down first then to the right gives
).
Mapping to the right first then down gives
This completes the proof, as
Number fields
In this section we prove Theorem 3. We recall the statement here.
with the property that for every place q of L over p, the image of φ
Proof. Choose a place q of L over p. We define a K-algebra homomorphism
The Frobenius φ q extends uniquely to a generator the cyclic group Gal(L q , K p ), and we have
It follows that f (φ q ) ∈ K p , so the the image of g q is contained in K p .
satisfying the conclusion of the theorem for q.
To complete the proof of the theorem, we will show that if q ′ is another place of L over p, then φ a q ′ = φ a q . We can then define φ a p := φ a q , which depends only on p. There is some σ ∈ Gal(L/K) such that
. This competes the proof.
Artin motives
Fix a base field K and a coefficient field F .
5.1.
Construction of the category. We begin with choice-free construction of the category M 0 K,F of Artin motives over K with coefficients in F . In Sec. 5.3 we use this category to give a another construction of the algebraic absolute Galois group.
Recall that the smallétale site over Spec K, denoted (Spec K)é t , is the category of finiteétale covers of Spec K (that is, finite unions of spectra of finite separable extensions of K), equipped with a Grothendieck topology such that a family is covering if it is jointly surjective. If F is a sheaf on (Spec K)é t , we write F (L) for F (Spec L).
We define M 0 K,F to be the category of sheaves of F -vector spaces on (Spec K)é t satisfying a finiteness condition which we now give.
Definition 5.1.
(1) A sheaf F of F -vector spaces on (Spec K)é t is finite type if there exists a finite separable extension L/K such that F (L) has finite dimension and
The category of Artin motives over K with coefficients in F , denoted M 0 K,F , is the category of finite type sheaves of F -vector spaces on (Spec K)é t .
(3) For each scheme X finiteétale over Spec K, the motive of X is the sheaf h(X) ∈ M K,F given by
where Sp(X ×Y ) is the underlying set of the scheme X × Spec K Y (which is a finite discrete set).
Proposition 5.2. Let X be a finiteétale scheme over Spec K. Then the h(X) defined by Definition 5.1(3) is a finite type sheaf.
Proof. The condition that h(X) is a sheaf amounts to the identification
for L ′ /L finite Galois, and h(X) is finite type because in Definition 5.1(1) we may take L to be any finite Galois extension of K into which the residue fields of all points of X embed.
We consider fibre functors on M 0 K,F , which are exact, F -linear tensor functors from M 0 K,F to Vec F , the category of finite-dimensional Fvector spaces. Each fibre functor ω determines an affine group scheme Aut ⊗ (ω) over F , whose R-points (for an F -algebra R) are the R-linear tensor functorial automorphism of the functor
The category M K,F is neutral Tannakian (this is a consequence of Proposition 5.5 below), which means that each fibre functor ω induces an equivalence of M 
where the limit is over subfields of K s finite over K.
Because F is finite type, we have
that while the construction of the category M 0 K,F did not use the axiom of choice, some form of choice is needed to construct a separable closure K s , hence also to construct the fibre functor ω K s . The functor ω K s is anétale realization, as the following proposition shows.
, where all equalities are Gal(K s /K)-equivariant and functorial in X. Here X K s is the base change of X to K s .
Proposition 5.5. The functor ω K s induces an equivalence of tensor categories between M 0 K,F and the category of finite dimensional discrete F -vector spaces equipped with a continuous action of Gal(K s /K).
Proof. It is known ( [2] , Theorem 55.3) that the functor
induces an equivalence betwee the category of sheaves of sets on (Spec K)é t and the category of sets equipped with a continuous action of G = Gal(K s /K). The inverse is given by
It follows that we also get an equivalence between sheaves of F -vector spaces on (Spec K)é t and continuous Gal(K s /K)-representations on discrete F -vector spaces.
A discrete Gal(K s /K)-representation V is finite dimensional if and only there is some finite Galois L/K such that V factors through a finite dimensional representation of Gal(L/K). From (4), we see that this happens if and only if F V (L) is finite dimensional and the map 
Gal(L/K) .
Proposition 5.7. For X ∈ (Spec K)é t , there is an isomorphism ω dR (h(X)) ∼ = H 0 dR (X), which is functorial in X.
Proof. We say a 0-dimensional variety X splits over an extension L/K is X L is a discrete. The class of fields over which X splits is cofinal among the finite separable extensions of K. We have
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One checks that each equality above is functorial in X.
Finally, we prove Theorem 4. We recall the statement here. Proof. For each finite Galois extension L/K, define
One checks that a morphism ϕ : L 1 → L 2 of K-extensions induces a K-linear map ϕ * : q L 1 (F ) → q L 2 (F ), and that is ψ : L 1 → L 2 is another map of extensions, then ϕ * = ψ * (the verification is similar to the proof of Theorem 2). Thus for any separable closure K s of K, we have
